16.451 Lecture 5: Electron Scattering, continued... Sept. 22, 2005 1 


Details, Part III: Kinematics 



Electrons are relativistic kinetic energy K*p?/2m ... 
Einstein mass-energy relations: 

(total energy E, rest mass m) 


1) E 2 = (me 2 ) 2 + (cp ) 2 

2) E = me 2 + K 


Problem: units are awkward, too many factors of c ... 

Notice that if c=l then (E, m, p, K) all have the same units! 




High Energy Units: 2 


If we set c = 1 in Einstein's mass-energy relations, then in order to "get the ar\s\Nzr 
right", the factor c has to be absorbed in the units of p and m: 


1) E 2 =m 2 + p 2 

2) E = m + K 


Let the symbol "[ ]" mean "the units of", and then it follows that: 


[E] = GeV, [m] = GeV/c 2 , [p] = GeV/c 


(Frequently, physicists set c = 1 and quote mass and/or momentum in "GeV" units, as 
in the graph of the proton electric form factor, lecture 4. This is just a form of 
shorthand - they really mean GeV/c for momentum and GeV/c 2 for mass.... numerically 
these have the same value because the value of c is in the unit - we don't divide by 
the numerical value 3.00xl0 8 m/s or the answer would be ridiculously small (wrong!) 



From lecture 4: proton electric form factor data 
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Ref: Arnold et al., Phys. Rev. Lett. 57, 174 (1986) 


(Inverse Fourier transform gives the electric charge density p(r)) 



More units.... 


4 


When we want to describe a scattering problem in quantum mechanics, we have to 
write down wave functions to describe the initial and final states.... 


For example, the incoming electron is 


The electron wave function is: 
where V is a normalization volume. 



a free particle of momentum: p 0 = Tik 0 
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If we set h - 1, then momentum p and wave number k have the same units, e.g. frn -1 ; 


to convert, use the factor: 


He = 197 MeV.fm 



Example: 


An electron beam with total energy E = 5 GeV has momentum 
the same momentum is equivalent to 5 GeV/(0.197 GeV.f m) or 

p = 5 GeV/c (m « E) ... 
p = k = 25 fm 1 . 

So, p = 5 GeV, 5 GeV/c, and 25 fnr 1 all refer to the same momentum! 



Analysis: Kinematics of electron scattering 


Note: Elastic scattering is the relevant case for our purposes here. This means that 
the beam interacts with the target proton with no internal energy transfer. 



• Specify total energy and momentum for the incoming and outgoing particles as shown. 

• Electron mass m « E 0 . Proton mass is M. 


Conserve total energy and momentum: 


E 0 +M = E' + W, p 0 =p' + q 


Next steps: find the scattered electron momentum p' in terms of the incident 
momentum and the scattering angle. Also, find the momentum transfer q 2 as a 
function of scattering angle, because q 2 will turn out to be an important variable 
that our analysis of the scattering depends on ... 



Details ... 
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• cor\s^r\^ momentum: 

T = (Po-p 1 ) 

1) Q 2 = Po + (P') 2 - 2 Po P' cosd 
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proton 


E,p’ 




• now use conservation of energy with W - M + K for the proton; E = p for electrons: 


E 0 + M = E' + M+ K => K = (p 0 - p') 


use kinematic relations to substitute for K= (p Q - p’) and q 2 : 

7 , l\ 

W 2 = ft 2 + q 2 = J^r + 2 MK + K" 


Note: these solutions 1), 2) are perfectly 
general as long as the electron is 
relativistic. The target can be anything! 






Relativistic 4 - momentum: 
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It is often convenient to use 4 - vector quantities to work out reaction kinematics. 

There are several conventions in this business, all of them giving the same answer 
but via a slightly different calculation. We will follow the treatment outlined in 
Perkins, ' Introduction to High Energy Physics', Addison-Wesley (3 rd Ed., 1987). 


Define the relativistic 4-momentum: 


p„ = (p» iE l M = !-4 


The length of any 4 - vector is the same in all reference frames: 


' I eng th ' squared ► 



For completeness, a Lorentz boost 
corresponding to a relative velocity 
(3 along the x-axis is accomplished by 
the 4x4 "rotation" matrix A, with: 

P = v/C, y = {l- P 2 y~ 
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Analysis via 4 - momentum: 9 



Define : 4 - momentum transfer Q between incoming and outgoing electrons: 
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Since Q is a 4 - vector, the square of its length is invariant: 

Q 2 = (p 0 -p') 2 -(E 0 -E ') 2 


Expand, simplify, remembering to use p 2 - E 2 = - m 2 and m « E,p ... 



Q 2 = 2p 0 p' (1-cosP) 



Four-momentum versus 3-momentum, or Q 2 versus q 2 for e-p scattering 10 


4-momentum transfer squared 
is the variable used to plot high 
energy electron scattering data: 


Q 2 = 2p 0 p' (1-cos 0) 




Note on 4 - vector conventions: 11 


Fraunfelder & Henley use 


P„ = ( E , p) -> P 2 =E 2 

2 2 

rP = m 

1 

f 


... so with this convention, one has to define a dot product differently, 
essentially putting in the minus sign by hand. 

Our convention is less arbitrary: 

P M = (p, iE ) P 2 = p 2 - E 2 = - m 2 


Note that the norms differ by a minus sign, which carries over to the sign of Q 2 
(see the note on p. 139, F&H: 

their Q 2 = - p 2 at low energy, whereas for us, Q 2 = + p 2 in the same regime. 

It seems more natural for Q 2 to be a positive number, so our convention is preferred. ) 



What happens if the target is a nucleus? (F&H section 6.5) 
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The difference between numerical values of Q 2 and q 2 decreases as the mass of the 
target Increases -» we can "get away" with a 3-momentum description (easier) to 
derive the cross section for scattering from a nucleus. Note also the simplif ication 
that p' = p 0 and becomes essentially independent of 0 as the mass of the target 
Increases. (Why? as M -> the electron beam just 'ref/ects'off the target - 
just like an elastic collision of a ping pong ball with the floor - 16.105!!) 




5 GeV electron beam in both cases, as before, but the target mass increased 
from a proton to a nucleus (e.g., 16 0, 100 Ru ) 



Details, Part IV: electron scattering cross section and form factor 13 


Recall from lecture 4: 
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Experimenters detect elastically scattered electrons and measure the cross section: 






Scattering formalism: (nonrei Q.M.) 


Basic idea: 


The scattering process involves a transition between an initial quantum state: 
|i = incoming e', target p) and a final state |f = scattered e', recoil p >. 
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The transition rate X if can be calculated from 
"Fermi's Golden Rule", a basic prescription in 
quantum mechanics: (ch. 2) 

Units: s _1 * 


o 271 Wx I 2 

X if ~ \ M if\ Pf 


where the ' matrix element M lf ' is given by: 



The potential V(r) represents the interaction responsible for the transition, 
in this case electromagnetism (Coulomb's law!), 


and the ' density of states' p f is a measure of the number of 
equivalent final states per unit energy interval - the more states 
available at the same energy, the faster the transition occurs. 


Pl = du/dEf 


Job for next week: relate the transition rate to the scattering cross section! 



